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Abstract 

It is of interest to study supergravity solutions preserving a non- 
minimal fraction of supersymmetries. A necessary condition for super- 
symmetry to be preserved is that the spacetime admits a Killing spinor 
and hence a null or timelike Killing vector. Spacetimes admitting a 
covariantly constant null vector [CCNV), and hence a null Killing 
vector, belong to the Kundt class. We investigate the existence of ad- 
ditional isometries in the class of higher-dimensional CCNV Kundt 
metrics. 

1 Introduction 



Supersymmetric supergravity solutions are of interest in the context of the 
AdS/CFT conjecture, the microscopic properties of black hole entropy, and 
in a search for a deeper understanding of string theory dualities. For example, 
in five dimensions solutions preserving various fractions of supersymmetry of 
N = 2 gauged supergravity have been studied. The Killing spinor equations 
imply that supersymmetric solutions preserve 2, 4, 6 or 8 of the supersymme- 
tries. The AdS^ solution with vanishing gauge field strengths and constant 
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scalars preserves all of the supersymmetries. Half supersymmetric solutions 
in gauged five dimensional supergravity with vector multiplets possess two 
Dirac Killing spinors and hence two time-like or null Killing vectors. These 
solutions have been fully classified , using the spinorial geometry method, 
in [1]. Indeed, in a number of supergravity theories [2], in order to preserve 
some supersymmetry it is necessary that the spacetime admits a Killing 
spinor which then yields a null or timelike Killing vector from its Dirac cur- 
rent. Therefore, a necessary (but not sufficient) condition for supersymmetry 
to be preserved is that the spacetime admits a null or timelike Killing vector 
(KV). 

In this short communication we study supergravity solutions preserving a 
non-minimal fraction of supersymmetries, by discussing the existence of ad- 
ditional KVs in the class of higher- dimensional Kundt spacetimes admitting 
a covariantly constant null vector {CCNV) |13j. CCNV spacetimes belong 
to the Kundt class because they contain a null KV which is geodesic, non- 
expanding, shear-free and non-twisting. The existence of an additional KV 
puts constraints on the metric functions and the KV components. KVs that 
are null or timelike locally or globally (for all values of the coordinate v) are 
of particular importance. As an illustration we present two explicit examples. 

A constant scalar invariant (CSI) spacetime is a spacetime such that 
all of the polynomial scalar invariants constructed from the Riemann tensor 
and its covariant derivatives are constant [1]. The VSI spacetimes are CSI 
spacetimes for which all of these polynomial scalar invariants vanish. The 
subset of CCNV spacetimes which are also CSI or VSI are of particular 
interest. Indeed, it has been shown previously that the higher-dimensional 
VSI spacetimes with fluxes and dilaton are solutions of type IIB supergravity 
[3]. A subset of Ricci type N VSI spacetimes, the higher-dimensional Weyl 
type N pp-wave spacetimes, are known to be solutions in type IIB supergrav- 
ity with an R-R five-form or with NS-NS form fields |6j,(7|. In fact, all Ricci 
type N VSI spacetimes are solutions to supergravity and, moreover, there 
are VSI spacetime solutions of type IIB supergravity which are of Ricci type 
III, including the string gyratons, assuming appropriate source fields are pro- 
vided [S] . It has been argued that the VSI supergravity spacetimes are exact 
string solutions to all orders in the string tension. Those VSI spacetimes 
in which supersymmetry is preserved admit a CCNV. Higher- dimensional 
VSI spacetime solutions to type IIB supergravity preserving some supersym- 
metry are of Ricci type N, Weyl type Ill(a) or N [8J. It is also known that 
AdSd X S^^~^^ spacetimes are supersymmetric CSI solutions of IIB super- 
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gravity. There are a number of other CSI spacetimes known to be solutions 
of super gravity and admit supersymmetries [1], including generalizations of 
AdS X |9] , of the chiral null models [6] , and the string gyratons [10] . Some 
explicit examples of CSI CCNV Ricci type N supergravity spacetimes have 
been constructed [llj . 

1.0.1 Kundt metrics and CCNV spacetimes 

A spacetime possessing a CCNV, £, is necessarily of higher- dimensional 
Kundt form. Local coordinates {u,v,x^) can be chosen, where I = dy, so 
that the metric can be written [12] 

ds'^ = 2du[dv + H{u, x'')du + We{u, x^)dx'^] + gef{u, x^)dx''dx^ , (1) 

where the metric functions are independent of the light-cone coordinate v. 

A Kundt metric admitting a CCNV is CSI if and only if the transverse 
metric Qef is locally homogeneous [1]. (Due to the local homogeneity of Qef 
a coordinate transformation can be performed so that the rriie in eqn. ([2]) 
below are independent of u.) This implies that the Riemann tensor is of type 
II or less [12] . If a CSI-CCNV metric satisfies RabR"^ = then the metric is 
VSI, and the Riemann tensor will be of type III, N or O and the transverse 
metric is flat (i.e., gef = 5e/). The constraints on a CSI CCNV spacetime 
to admit an additional KV are obtained as subcases of the cases analyzed 
below where the transverse metric is a locally homogeneous. 

2 Additional isometries 

Let us choose the coframe {m°} 

= n = dv + Hdu + Wedx"", = i, m' = m\dx'', (2) 
where m\mif = Qef and mierrij^ = 6ij. The frame derivatives are given by 

i = Di = dy, n = D2 = du- Hdy, rrii = Di = mi''{de - Wed^). 

The KV can be written as X = Xin + + Xjm*. A coordinate trans- 
formation can be made to eliminate W3 in ([T]) and we may rotate the frame 
in order to set 7^ and Xm = |3j. X is now given by 
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X = Xm + + xm"^ ■ (3) 

Henceforth it will also be assumed that the matrix rriie is upper-triangular. 
The Killing equations can then be written as: 

Xi,„ = 0, Xi,„ + X2,, = 0, m3^Xi,e + Xs,, = 0, m„^Xi,e = 0, (4) 
which imply 

X^ = F^{u,x^), X2 = -D2{X^)v + F2{u,x'), X:, = -D^{Xi)v + F^{u,x^), {h) 
and 

1^2X2 + J^^^ = (6) 

i 

A^2 + D2X, - J,Xi - Y^i^r. + 5,,)X, = (7) 

j 

DjXi + DiXj + 2B(^ij)Xi — 2 ^ Tk(ij)Xk = 0, (8) 

k 

where 5,^- = rriie^u'mj'', Wi = m^'^We, and Jj = r2i2 = - AW^i - BjiW^ , 
A, . D,W, + A,. ^ 2™.,,,nj„,,f. ^rther informafo. can 

be found by taking the Killing equations and applying the commutation 
relations, which leads to two cases; (1) -D3X1 = 0, or (2) r3„2 = ^sns = 

2.1 Case 1: D3X1 = 

Using equation IQ and the definition of F2 from ([5]), we have that Xi = 
ciu + 02- If ci 7^ we may always choose coordinates to set Xi = u, while if 
Ci = we may choose C2 = 1. 

Subcase 1.1: F3 = 0. (i) ci 7^ 0, Xi = F2 must be of the form 



^2 = 1 

U U 



(9) 
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H and Wm are given in terms of these two functions (where g' = ^) 

H=M^-3-M + 9M^ W^ = ^^. (10) 
(ii) Ci — Q,Xi — 1; F2 „ = 0, and H and Wn are 

H = F2{x') + Ao{u,x'-), Wn = J DMu + C^{x'). (11) 

In either case, the only requirement on the transverse metric is that it be in- 
dependent of u. The arbitrary functions in this case are F2 and the functions 
arising from integration. 

Subcase 1.2: F3 7^ 0. The transverse metric is now determined by 

m33 = - y -^^F^^sdu + Ai{x\ x"-). (12) 

_ ^3 _ ^3,r ^3[r,3]^3^^3 

n^nr,u — ~^nr,3 7^; ''^3r,u — 77 77 ■ 

m33Ai Ai Ai 

(i) ci ^ 0, Xi — u; Fi{u, x^) {i — 1, 2) are arbitrary functions, H is given by 



_ ^ D2(F^) F3D3F2 F^D^{F^) 
H = -D2F2 -^-^ i (14 

and Wn is determined by 

D2{uWn) + F,,D?,Wn + Dn{F2 " uH) = 0. (15) 

(ii) ci = 0, (C2 7^ 0) = 1; F2 and F3 satisfy 



D2F2 + F3L'3i^2 + ^^2(i^3 ) + \f^D^{FI) = 0. (16) 
H may be written as 

H ^ J m33D2F^dx^ + F2 + ^F^ + A2{u, x'). (17) 
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The only equation for VF„ is 

F,D3W^ + D2Wr, = D^{H). (18) 

(iii) Xi = 0: 

^3,3 = 0, m„,,3 = 0, D2log{m^^) = -^^- D2log{F^). (19) 



J ^3 J ^3 

There are two further subcases depending upon whether niss^r = or not, 
whence we may further integrate to determine the transverse metric. 



2.2 Case 2: ^s^a = 

This imphes the upper-triangular matrix rrije takes the form: 777,33 = ^,3(w, x^), 
m^r = 0,m„r = mnr{u,x^), while the Wn must satisfy D^ilVn) = 0. The re- 
maining Killing equations then simplify. In particular, B(^rnn)Xi = 0, leading 
to two subcases: (1) Xi = 0, or (2) = 0. 

Case 2.1: X, = 0, ^ 0. = 0, F^^, = 0; H, given by m 

and am . 

Case 2.2: Bi^jnn) = 0, Xi 7^ 0. This case is similar to the subcases dealt 
with in Case 1.1 (see equations (!9l)- (fT2l) . (fT8!) - (!20l) ). For n < p the vanishing 
of i?(np) implies m„r,n = 0, the special form of iriie implies that ^ = 0, and 
the only non-zero component of the tensor B is ^33. 

If we assume that Fi^^ 7^ and Fi is independent of x"^: 

"^33,3 _ -^1,33 ^33,-u _ -^1,3m n 
"^33 -^1,3 ' "^33 -^1,3 ' 

Thus 77733 (m, x^) is entirely defined by Fi. We may solve for H and the Wn'- 

""-M^' ^'M^^ ''^^^ ^''^ 



F3 is of the form: 
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F3 



I 



(23) 



There are differential equations for F2 in terms of tlie arbitrary functions 
Fi{u,x^) and Aq{u,x'^). Tliese solutions are summarized in Table 2 in p]. 

Killing Lie Algebra: There are three particular forms for the KV in those 
CCNV spacetimes admitting an additional isometry: 

(A) Xa = cn + F2{u,x'')i + Fs{u,x'')m^ 

(B) XB = un+ [F2{u, x^) - v\l + Fj,[u, a;')m^ 

(C) Xc = Fi{u, x^)n + [F2(m, x') - DaFii;]^ + [F3 - D-iFivlnt". 

To determine if these spacetimes admit even more KVs we examine the com- 
mutator of X with ^ in each case. In case (A), [X^i^] = and in case B 
= — and thus there are no additional KVs. In the most general 
case Yc = [^Ci^] can yield a new KV; Yc = D2Fii + D^Fims. However, 
this will always be spacelike since (D^Fi)'^ > 0. Note that [^C)^] = 0, while, 
in general, [1^, Xc] ^ 0. 

Non-spacelike isometries: Let us consider the set of CCNV spacetimes 
admitting an additional non-spacelike KV, so that 



If the KV field is non-spacelike for all values of v, then D^lXi) must vanish 
and Xi is constant. Therefore, various subcases discussed above are excluded. 
In the remaining cases 



In the timelike case, the subcases with Xi = are no longer valid since 
Fg^ < 0. In the case that X is null and C2 7^ we can rescale n so that 
2F2 = Fg^. We can then integrate out the various cases: If F3 = 0, F2 
must vanish as well and X = n. The remaining metric functions are now 
H = Aq{u,x''') and Wn = J D„(Ao)(iu + Cn{x'^)- The transverse metric is 



unaffected. If F3 ^ 0, = A2{u,x''), 1^2(^4) + Ds{Wn)F3 = D„(A2), and 



DsiX^fv^ + 2{D2{X,)X, - D;{X,)F^)v + Fg^ - 2X,F2 < 




2X1F2 < 0. 



(24) 
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{logmzz),u — D2{logF^). If C2 = 0, F2 must be constant, and the KV is a 
scalar multiple of i. and can be disregarded. The remaining cases arc just a 
repetition of the above with added constraints. The CSI CCNV spacetimes 
admitting KVs which are non-spacelike for all values of v are the subcases of 
the above cases where the transverse space is locally homogenous. 

3 Explicit examples 

I: We first present an exphcit example for the case where Xi — u and F3 7^ 0. 
Assuming that F^{u^x'^) — eurris^ and e is a nonzero constant, we obtain 



■mis,u + ^rriisfl = 
and the transverse metric is thus given by 

rriis = rnis{x^ - eu,x'^) . 
We have the algebraic solution 

+ F2,u) - F2,3 - em33^ 
where F2{u,x^) is an arbitrary function and H is given by 



H{u,x') 



1 

u 



- / S{z,x^ - eu + ez,x"')dz + A{x^ - eu,x'') 



where A is an arbitrary function and S is given by 

S{u, x^, x") = {uF2,u)u + euF2,^u + e^u{mj). 
Furthermore, the solution for Wn-, n = 4, . . . , A*" is 



Wn{u,x')^- 



u 



Tn{z, x^ - eu + €z, x"')dz + Bn{x^ - eu, x"^) 



where are arbitrary functions and r„ is given by 

Tn{u, x^, x"") = [{uF2)u + euF2,-i + e^uru:^^] ^ + emsnmsa . 
In this example, the KV and its magnitude are given by 
X ^un+ (-V + F2)£ + eumsain^, = -2uv + 2uF2 + {eum^^f 



(25) 
(26) 

(27) 

(28) 

(29) 

(30) 

(31) 
(32) 
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Clearly, the causal character of X will depend on the choice of F2(u, x*), and 
for any fixed (m, x*) X is timelike or null for appropriately chosen values of 
V. Moreover, (l32l) is an example of case (B); therefore the commutator of X 
and i gives rise to a constant rescaling of i and, in general, there are no more 
KVs. The additional KV is only timelike or null locally (for a restricted range 
of coordinate values). However, the solutions can be extended smoothly so 
that the KV is timelike or null on a physically interesting part of spacetime. 
For example, a solution valid on m > 0, f > (with F2 < 0), can be smoothly 
matched across u = v = Q to a. solution valid on m < 0, f < (with F2 > 0), 
so that the KV is timelike on the resulting coordinate patch. 
As an illustration, suppose the m^s are separable as follows 



m^s = {x' -euf^K{x^) (33) 



and F2 has the form 



F2 = -TT— t(^' - ^^f'^'h' + 9{u,x^), (34) 
where the Ps are constants and hg, g arbitrary functions. Thus, from fl28l) 

H = -e'^{x^ - eu)^P'-^[x^ - e{p3 + l)u]hs^ - g^u + m"^A(x^ - eM,x"), (35) 
and hence from ( 1271) 

= -e^p^u{x^ - euf'^-^hi - {euY^A^x^^ - eu, x"). (36) 
Last, equation (!30|) gives 



Wn = eix"" - euf^h 



2(x3 - euf^ 



'■3,n 



2P3 + 1 

- (x^ - euy-K^ - + u-'B^{x' - eu,x^) . (37) 

II: A second example corresponding to the distinct subcase where Xi = 1 
and assuming F3(m,x*) = £771,33 gives the same solutions (l26l) for the trans- 
verse metric (although, in this case, the additional KV is globally timelike 
or null). In addition, we have 

Ws= [ H,,du + e-\F2 + f) (38) 
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where H{u,x^), F2{x^ — eu,x^) and /(x*) are arbitrary functions. Last, the 
metric functions Wn are 

/u 
L„(z, x^-eu + ez, x"')dz + - eu, x""), (39) 

with En arbitrary and L„, given by 

L..(.,.'.O^i/,„ + ./i/,„d« + /,„. (40, 

The KV and its magnitude is 

X = n + + em33m^ X«X" = 2F2 + (emgs)' • (41) 

Since F2 and mss have the same functional dependence there always exists 
F2 such that X is everywhere timelike or null. The KV (HT!) is an example 
of case (A) and thus X and £ commute and hence no additional KVs arise. 
For instance, suppose H = H{x^ — eu, x") and / is analytic at = (say) 
then (1551) and ([2SD simplify to give 

Ws = -e-\H-F2-f), (42) 
Wn = e-'y^dnd/f{0,x"')^^ + En{x'-eu,xn- (43) 

This explicit solution is an example of a spacetime admitting 2 global null 
or timelike KVs, and is of importance in the study of supergravity solutions 
preserving a non-minimal fraction of supersymmetries. 

References 

[1] J. p. Gauntlett and J. B. Gutowski, Phys. Rev. D68 (2003) 105009; J. 
B. Gutowski and W. A. Sabra, JHEP 10 (2005) & JHEP 12 (2007) 025. 

[2] J. M. Figueroa-O'Farrill, P. Meessen and S. Philip, Class. Quant. Grav. 
22, 207 (2005); E. Hackett- Jones and D. Smith, JHEP 0411, 029 (2004). 

[3] D. McNutt, A. Coley, and N. Pelavas, preprint. 

[4] A. Coley, S. Hervik and N. Pelavas, Class. Quant. Grav. 23, 3053 (2006). 



CCNV spacetimes and (super) symmetries 



11 



[5] A. Coley, A. Fuster, S. Hervik and N. Pelavas, JHEP 32 (2007). 

[6] G. T. Horowitz and A. A. Tseytlin, Phys. Rev. D 51, 2896 (1995). 

[7] R. R. Metsaev and A. A. Tseytlin, Phys. Rev. D 65, 126004 (2002); 
J. G. Russo and A. A. Tseytlin, JHEP 0209, 035 (2002); M. Blau et al, 
JHEP 0201, 047 (2002); P. Meessen, Phys. Rev. D 65, 087501 (2002). 

[8] A. Golcy, A. Fuster, S. Hervik and N. Pelavas, Class. Quant. Grav. 23, 
7431 (2006). 

[9] J. Gauntlett et al, Phys. Rev. D74, 106007 (2006) . 
[10] V. P. Prolov and A. Zelnikov, Phys. Rev. D 72 (2005). 
[11] A. Coley, A. Fuster and S. Hervik, [hep-th/0707.0957vl] 
[12] A. Coley, 2008, Class. Quant. Grav. 25, 033001. 



